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HANDSCOMB MONTE-CARLO METHOD FOR
S = 1/2 TRANSVERSE ISING MODEL

I.V. ROZHDESTVENSKY and I.A. FAVORSKY'
Leningrad State University, USSR

(Received April 1991, accepted May 1991)

A new stochastic simulation procedure for § = 1/2 Transverse Ising Model (TIM) is presented. The
procedure is developed in different variants for certain types of exchange interaction, including ferromag-
netic, antiferromagnetic and of arbitrary sign. The numerical results obtained by means of the new
procedure for several types of one-dimensional TIM are presented, data being in good correspondence with
the results of other approaches. Temperature dependence of transverse susceptibility of one-dimensional
TIM with inverse-square interaction was found to have certain peculiarities apart from the Curie point.

KEY WORDS: Quantum spin lattice models, Handscomb Monte-Carlo, Transverse Ising model, phase
transitions.

1 INTRODUCTION

Recently considerable attention has been paid to the development of stochastic
simulation methods for quantum spin lattices [1, 2]. The Transverse Ising model
(TIM), being applicable to certain physical phenomena, such as phase transitions in
KDP-type ferroelectrics and rare-carth magnetics [3, 4], is of theoretical interest itself,
because it is one of the simplest quatum spin lattice models. A number of methods has
been applied to the theoretical study of the model e.g. the cluster approach [5], the
mean field approximation (MFA) {3], and rigorous results [6, 7}. Among these
methods we should also mention a stochastic simulation procedure based on a very
fruitful idea of equivalence between d~dimensional quantum model and its 4 + 1-
dimensional classical analogue - Ising model with some special temperature dependent
pseudoexchange {2]. This method, however, is not accurate even for finite lattices
because of the finite lattice size along the additional, 4 + 1-th dimension. Another
way of Monte-Carlo procedure construction for quantum spin lattices is the Handscomb
approach [9, 10]. It is accurate for finite lattices, but it appears to be a separate
problem to “‘retune” it from the isotropic Heisenberg mode] (to which it had been
originally applied), to the other quantum models. The main problem here remains a
problem of simulation of the antiferromagnetic lattices and the lattices with concur-
rent exchange (see e.g. [1, 2]). In this paper we present variants of Handscomb method
for TIM. We discuss the stochastic procedures for TIM with long-range ferromagnetic
interactions and TIM with short-range arbitrary-sign interactions.
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2 THE HANDSCOMB METHOD FOR TIM WITH LONG-RANGE
FERROMAGNETIC INTERACTIONS

We start with TIM Hamiltonian in the following form:

N
H=H0+HIS+HM+HQ; HQ:_QZSiH

-1
N o
Hs = —(1/2) Y/ ;8185 H, = —o ) S,
i i=1
H, = const, (H

where N is the total number of spins in the lattice under consideration, w, Q are the
longitudinal and transverse magnetic fields respectively, J;; is the exchange matrix. We
require also here that

Vi, j, i #J, J; >0, (2)

ferromagnetic long-range interaction.
In terms of $* and S~ operators we can rewrite (1) as follows:

N N
—pH = |:Z (4.5 Ser + ’1+ S S+ W Z S + Sr+)
(=1 =1

N
+ (1/2) z Ko (S/“ Sr' + Sf S(+ + SIW St’i + St+ St+ ):| + ﬁ(Q + a)AN~

t#

(3
where
N
K= Broy  J0) =3 J.:
[E2E
W= (JJ/J(O), Ky = Jn'/J(O);
A, = 2/J(0); A_o= (2Q + «)/J0);
oL o ok g ek
B = kBT, Sk = S‘. i 119', (4)

o being an arbitrary constant, here taken as
o = 1 + I/N (5

Within the Handscomb approach [9] for a system with Hamiltonian

No
H = Hy+ Y H,

i=1

each of H; commuting with H,, the canonic average {Q> of any physical value
operator (0 can be written in the form:

(0> = (SplQ exp {— BHD/(Splexp {— BH ) = ({QCHxAC)D,/({x(C)D),, (6)
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where

C. = {i,...,ihn

wC) = T spm . H, exp (—pHL

r!

P(C) = 1G] 3. ¥ In(C)l,

r=0

r

P(C,) > 0, i YPC)=1; x,(C) = sign n(C,);

r=0 ¢

o) = TF spiom, ., exp (-~ BENIRC), 0

P(C,) being the probability distribution in the sampling space of ordered sets of
indices C,, { >, means an average with the distribution P(C,). It is obvious that for
the model with Hamiltonian (3) the ordered operator sets

H, ... H )
consist of following “units”
StS,STS, ST ST — diades,
S*S” (or S7S*) — (+) (or (—))-pairs,
S Suiis STSt., ST Si,,. S7SE,, — W-diades, 9)

if we treat the term of (1) which corresponds to interactions with the longitudinal
magnetic field as an interaction with an additional, artificially included N + 1-th
spin. Each “unit” (9) must be multiplied by a certain weight, which appears to be x;;/2
for diades, A, ((4_) for (4+) ((—))-pairs, W - for W-diades.

Operator sets (8) consisting of the elements (9) can be represented as a product of
two factors — a scalar factor (a product of weights) and an operator (sequence of S+
and S~ operators). Moreover, with the conditions (2) and (5) fulfilled, the scalar
contribution is strictly positive for any sequence of S* and S~ operators with any
indices and can be definitely determined from this sequence.

The operator factor, also called “‘chain™, is non trivial only if the following
conditions are fulfilled [11]:

(i) quantities of S; and S, operators in the chain should be equal for each lattice

site, ;
(it) the chain must be ordered in such a way that between every two S, operators
one S, operator is situated and vice versa. (10)

We call “essential” the chains with these conditions fulfilled. Only the contributions
of essential chains are non zero and should be considered in the sums (6). In the terms
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of essential chains we can write (see [12]):

K iy Ko, e st oon
n(C) = "rT[H _2:1 IT 44 |, (11)

J !

where D(C)), a set of all the diades of C,, I1(C, ), a set of all the lattice sites, (1), pairs
of which are represented in C,, n," (n, ) - the total quantity of (+ )((—))-pairs of index
tin C,, K being defined by (4).

Provided that a chain remains essential, if we replace all S* operators by S and
vice versa for certain site, i, we can (as shown in [12]) make a partial summation,
transforming (6) to a representations of chains C,,, consisting of indices (numbers of
lattice sites). The structure of C,, chain in comparison with that of C, chain may be
illustrated by following example:

1 2 3 4 5 0 7 8 9
e B b L e T e A e A B AR Sy
C: S5 S8 SIST S;ST S;S; SIS, SIST S;S) S S, Sy

iy i

Coidy Jihh Joly Ly dgls Jslg dgiy joiy Jyldo Jo, r = 9.
o L
I 2 3 4 5 6 7 8 9

Here C, and C,, chains are given without their scalar weights that are equal in both
cases. In C,, the elements of i, j, type are called diades (or w-diades, if one of the
indices is equal to N + 1). Elements of j, i, type are called pairs. We call (+)-pair of
index i in C,, a pair, before which in C,, (starting from the front edge) there is even
number of diades, containing index i. This number being odd, the pair is called
(—)-pair. Essential in this representation are the chains in which each index appears
even number of times. Within these notations (formally similar to the same notations
for C,), the contribution of an essential C,, chain can be written as follows:

- Kr D) K,, &) n n~ n= ant ”
2(Cy) = LH =20 11 QA 4 AT,
/ ! -

"

I

Y T (G, (12)

Tr=0 G,

HG)

Taking as the sampling space a space of all sets of indices, each varying from 1 to
N + 1 and included even number of times in the set, we can easily organize the
Markov chain with the limit distribution P(C,,). A stochastic procedure should
contain the steps that keep the number of certain index inclusions even. Such steps can
look like an injection of a pair of equal indices into an index set or an annihilation
of a pair of equal indices. A variant of this stochastic procedure (see Appendix) had
been realized in {12]. It was tested on a model with
J. = JIN.Vi,j (13)

o

exchange. This model is known to be accurately described by MFA in the limit
N — oo. The results of numerical simulation in comparison with MFA data and the
standard Monte-Carlo method in the zero transverse field case are presented in
Figure 1. Studied was a system of 30 spins, additional tests were made for ¥ = 100
spins. The results show good correspondence of all the above mentioned methods.
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Figure 1 The results of a Monte-Carlo study (MCH) of the J/N model in comparison with the MFA
(Q # 0) and standard Monte-Carlo (@ = 0) (MSt). 1, Q/J = 0.1; 2, Q(J = 0.2; ®, (— E[J), MCH,
Q] = 0;0,(— E/J), MSt, Q/J = 0; W, (52>, MCH, Q/J = 0, 0, {($2>, MSt, Q/J = 0; %, (S,>, MCH;
——, {8, MFA.

The convergence of a new procedure appeared to be of the same order as that of the
standard method.

Another system studied by the suggested method was a linear transverse Ising chain
with inverse-square interactions. Such long-range interactions can occur in linear
systems as a result of the renormalization of initial exchange with respect to spin-
phonon interactions. The Ising chain without transverse field with inverse-square
interactions studied by means of stochastic simulation methods (see e.g. reference [13]),
displayed some peculiarities near the Curie point. First of all, the presence of a phase
transition itself in the one-dimensional system is not trivial. Second, it was found that
a temperature at which the longitudinal susceptibility becomes infinite does not
correspond to the point where the heat capacity is maximal. Our numerical exper-
iments were made with chains of 30, 60 and 90 spins. The Markov chain length was
as large as 1000 mcs/spin. The results are given in Figure 2 in comparison with MFA
data. The curves show that there is an additional peculiar temperature point in this
system, where the transverse susceptibility has a pronounced peak. In 2- and
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Figure 2 Transverse magnetization and transverse susceptibility yylg_o for [-dimensional TIM with
inverse-square interaction. O, QfJ(0) = 0.061, N = 30, MCH, &, Q/J(0) = 0.122, N = 30, MCH: a.
QLI0) = 0.122, N = 90, MCH; *, y1lgoo, N = 30, MCH: — — MFA.

3-dimensional systems peaks of such shape correspond to 7, [14], while in the system
in question its position appears to be much higher (at k; T/J(0) = 0.75, with k, T/
J(0) = 0.49). This fact is additional evidence of the very complicated character of the
phase transition in this system.

3 SHORT RANGE INTERACTION AND A PROBLEM OF NEGATIVE
SIGNS IN INTERACTION

The above discussed procedure becomes ineffective for the systems with short-range
and truncated exchange. The reason of this is the fact that conditions (10) provide
only for nontriviality of operator part of a set (8) contribution. When the interaction
is truncated, a number of chains (8) have zero contributions because condition (2) is
not fulfilled. Organizing Markov chain in this case we must take this fact into account.
Either we admit some states to have zero weights (the shorter is the truncation range,
the larger is their number), or we should invent some cumbersome steps to avoid these
states {see also [1, 8]). Both ways lead to procedures, successful only for special classes
of exchange matrices J;;.
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There is one more way to solve this problem - to build an appropriate representation
of Hamiltonian (1) especially for short-range exchange case. Here we present one of
possible representations of such kind:

H = H,+ Hq + Hs + Hy + H;
—pH, = K{ WY RAT () + Af(a)]};
—BH, = K{ri [S* + s,.]};
—pH§ = K{(1/4) Y KA (@A (@) + A7 ()47 ()47 (ot)]}
I#],
Kij>0
—BH§ = K{(1/4) Y N4 (@)A47 (@) + A7 ()47 (A7 (a)l}

h<0

N
JO) = Y |5l ' = Q/J(0); Af (@) = 2, 8'S7 + A+ 87§

i)
2
A, = lia,Va,—ﬂHozK(3aW+%)N. (13)

Representation (14) produces in operator factor of (8) units of following types:
A7 (@), A7 (o), AT ()4, (@), AT (A (@), A7 ()4 (2),
A7 (@A (), S and S, . (14)

It can be shown that operator chains consisting of such elements will be essential
if conditions (10) are fulfilled. Chains consisting only of Af(x) operators are
always essential. Moreover, Hamiltonian (14) does not contain members of negative
sign. This fact, providing for all the x,(C,) values being positive, gives us an
opportunity to solve the well-known problem of different signs in Handscomb
expansion (4) and to study the thermodynamics of TIM with antiferromagnetic and
concurrent interactions.

Generally in this case stochastic procedure must contain following types of
steps:

(1) Addition or exclusion of the units A7 (x), 4 (@), A7 (0)A4; (@), A (WA, (a),
AT (A7 (@), A7 (A (@) to (from) C, (together with the corresponding
weights);

(2) Addition or exclusion of a pair of S;' and S, operators into C, with respect to
conditions (10).

The method under consideration had been applied to one-dimensional TIM with
the ferromagnetic and antiferromagnetic nearest-neighbour interactions. In the Table 1
we present different thermodynamic parameters of ferromagnetic model, calculated
by means of our procedure compared with the results of accurate solution in the limit

MSIM.--C
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Table 1 Results of Monte-Carlo simulation of linear transverse Ising chain with nearest-neighbour inter-
action. System size — 100 spins. Index MCH denotes numerical results, ACC — the rigorous results
(N — o), obtained using expressions from [7].

k,T1J Qi —ElJ, MCH — EfJ, ACC (8.3, MCH (8>, ACC
0.2 0.0 0.2 0.197 0.0 0.0

0.2 0.2 0.205 0.205 0.1 0.096

0.2 0.5 0.25 0.246 0.1 0.097

0.6 0.2 0.57 0.55 0.11 0.096

0.6 0.5 0.64 0.63 0.26 0.237

0.6 1.0 0.93 0.91 0.48 0.46

1.0 0.0 0.76 0.76 0.0 0.0

1.0 0.2 0.77 0.775 0.12 0.118

1.0 1.0 1.12 1.12 0.57 0.559

N — o [7]. The results are in good correspondence, the convergence of a new
method, as above, being of the same order as of the standard Monte-Carlo method.
Figure 3 represents temperature dependences of longitudinal uniform susceptibility of
anti-ferromagnetic Ising chain with different values of transverse field. It can be seen
that when Q — 0 the curve is close to that for the zero transverse field, studied
rigorously. When Q/J(0) = 0.5, the so-called “critical” field, the results asymptotic-
ally fit the zero-temperature result, computed by means of expressions taken from [6].

4 CONCLUSIONS

The above discussed methods appear to be practical for one-dimensional systems. We
must mention, however, that all the procedures are universally appropriate for any
kind of exchange. Of course, this must be carefully tested in each case, because
theoretical applicability gives no warranty of a good convergence in the numerical
experiment.

The procedures admit their generalization on different modifications of TIM. First
of all, we can use them to study Ising systems in the random transverse field. Such a
model describes, for instance, partially deuterated KDP-type ferroelectrics. The
changes in representation (14) for this case are obvious.

Then, we can use the variant for short-range interactions for simulation of TIM
with additional multi-spin exchange of following type:

N
(14 3 1 SiSISESL. (15
igkd
This additional term in (1) produces new kinds of units in (8) — triades and the tethrades
of A%, operators. So, we can add new kinds of steps to stochastic procedure without
radical changes in its structure.
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o 10 20 3.0 —](T
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Figure 3 Starting uniform longitudinal susceptibility y for the 1-dimensional antiferromagnetic TIM with
nearest-neighbour interaction: 1, accurate solution, Qf[J| = 0; 2, MCH, Q/|J| = 0.2, a, N = 100,
v, N = 200; 3, MCH, Q/|J| = 0.5, N = 100; 4, MCH, Q/|J| = 1.0, N = 100; 5, MCH, Q/|J| = L.5,
O, N = 100, v, N = 200; *, kyTx/1i%| e, Q/1J| = 1.0, according to [6].

APPENDIX

A stochastic procedure for TIM with long-range ferromagnetic interaction.
The basic set of Markov chain steps had been chosen as follows:

(I)Cz,zl I...—> ... kl kl k=C2,+2:C2,+2
Ld L [ Lt
/ ! m r+1
— transformation of a pair into two diades;
G, =...0 j...—> ... i k...i k...j k=0C,,,
L (. L LJ
i ! m e+l
- transformation of a diade into two diades;
BC,.=...k j...o.. k k... k j=Cyu,,
L L L]

I { r+
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- injection of a pair into the middle of the chain;
(4) ("Zr - CZr k k= (:2r+2
L

ril

— addition of a pair;
5 C, = C,_,8 — gC,,_, = Ci, — cyclic transposition.

Everywhere index & is assumed to be chosen randomly. The above presented set of
steps can be proved to be complete. It is also convenient for recurrent calculation of
contributions.

References

(]
(2l

E]
(4)

[5]

[o]
7]

(8]
(%]
(10]
(]

[t2]

D.H. Lee, J.D. Joannopulos and J.W. Negele, “Monte-Carlo Solution of Antiferromagnetic Quan-
tum Heisenberg Spin Systems™, Phys. Rev. B, 30(3), 1599 (1984).

O. Nagai, Y. Yamada, K. Nishino and Y. Miyatake, “Monte-Carlo Studies of Ising Ferromagnet
and the Villain Model in Transverse Field”, Phys. Rev. 8., 35(7), 3425 (1987).

R. Blinc, B. Zeks and J. Nelmes, “Proton Tunnelling in KH,PO,”, Phase Transitions, 3, 293 (1983).
Y .-L. Wang and B.R. Cooper, “Collective Excitations and Magnetic Ordering in Materials with
Singlet Crystal Field Ground State™, Phys. Rev., 185(5), 539 (196R).

V.1. Zinenko, “A theory of Ferroelectrics of PbBHPO,-Type™. Sov. Phys. - Solid State Phys.. 21(6),
1819 (1979).

P. Pfeuty, “The One-Dimensional Ising Model with a Transverse Field™, Ann. Phys., 57,79 (1970).
S. Katsura, “Statistical Mechanics of the Anisotropic Linear Chain”. Phys. Rev., 127(5), 1508-18
(1962).

G. Gomez-Santos, J.D. Joannopulos and J.W. Negele, “Montc Carlo Study of the Quantum Spin
- 1 Heisenberg Antiferromagnet on the Square Lattice”, Phys. Rev. B., 3%(7), 4435-43 (1988).
D.C. Handscomb, “The Monte-Carlo Method in Quantum Statistical Mechanics”™, Proc. Camb. Phil.
Soc., 58, 594 (1962).

D.C. Handscomb, “Monte-Carlo Method and the Heisenberg Ferromagnet”, Proc. Camb. Phil.
Soc., 60, 115 (1964).

Betts, “Spin 1/2 XY-Model”, in Phase Transitions and Critical Phenomena, C. Domb and M.S.
Green, eds., N.Y., Academic, 1974, vol. 3.

I.V. Rozhdestvensky, I.A. Favorsky and A.K. Murtazayev, “The Study of Quantum Spin Models
of Magnetics and Ferroelectrics by Means of Numerical Experiment” (in Russian), preprint Ucrain.
Acad. Sc., Institute for Theor. Phys., ITP-87-158P, Kiev, 1988.

R. Bhattacharjee and S. Chakravarty, “Some Properties of a Onc-Dimensional lsing Chain with an
Inverse-Square Interaction”, Phys. Rev. B, 24(7), 3862 (1981).

M. Thompsen, “Transverse Susceptibilities for Ising Systems: Direct Calculation from the Local
Magnetic Field™, Phys. Rev. B, 34(7), 4762-5 (1986).



